Analytical expressions for the contributions of sun and shade leaves to instantaneous canopy photosynthesis are derived. The analysis is based on four assumptions. First, that the canopy is closed in the sense that it is horizontally uniform. Secondly, that there is an exponential pro®le of light down the canopy with the same decay constant for light from different parts of the sky. Thirdly, that the leaf photosynthetic response to incident irradiance can be described by a three-parameter non-rectangular hyperbola (NRH). And lastly, that light acclimation at the leaf level occurs in only one parameter of the NRH, that describing the light-saturated photosynthetic rate, which is assumed to be proportional to the local averaged leaf irradiance. These assumptions have been extensively researched empirically and theoretically and their limitations are quite well understood. They have been widely used when appropriate. Combining these four assumptions permits the derivation of algebraic expressions for instantaneous canopy photosynthesis which are computationally ef®cient because they avoid the necessity for numerical integration down the canopy. These are valuable for modelling plant and crop ecosystems, for which canopy photosynthesis is the primary driver. Ignoring the sun/shade dichotomy can result in overestimates of canopy photosynthesis of up to 20 %, but using a rectangular hyperbola instead of a non-rectangular hyperbola to estimate canopy photosynthesis taking account of sun and shade leaves can lead to a similarly sized underestimate.
INTRODUCTION
Canopy photosynthesis is the primary driver for models of crop growth and plant ecosystems. It has therefore remained a topic of much continuing research, development and application. Canopy photosynthesis presents two dif®culties to the modeller of plant ecosystems. These are both concerned with integration: over time and over space. These dif®culties are sometimes described, possibly misleadingly, as`scaling' problems (cf. Enquist et al., 1998) . Ecosystem models are usually quite large and often need to be run over 100s of simulated years. Execution time is always far greater than the modeller would wish. To be more speci®c, if it is possible to run the model with a daily time step instead of one of 10 min, or, if it is possible to avoid numerical integration down the crop canopy and perhaps down the soil pro®le, then these are valuable gains. However, they must be achievable without too much loss of realism, for necessarily they involve approximation. Nevertheless, it must be stressed that`acceptable realism' depends on objectives as well as situations. Foresters, grassland ecologists and crop scientists have different perspectives. It may not be wise to attempt to build a model that works equally well in Scotland and in Australia, although this is not to doubt the similarity of the underlying mechanisms. It is now generally accepted that, belowground, explicit spatial integration is frequently, but not always, required. A recent example of such a model is that by Chertov et al. (2001) . Restricting ourselves to canopy photosynthesis, ®rst temporal and then spatial aspects are reviewed.
Recently Sands (1995) derived equations for daily canopy photosynthesis assuming exponential light decay down the canopy (Monsi and Saeki, 1953) , a non-rectangular hyperbola for leaf photosynthesis (Rabinowitch, 1951; Chartier, 1966) , a daily sinusoid for above-canopy photosynthetically active radiation (PAR) and that the acclimated P max (light-saturated leaf photosynthetic rate) for a leaf within the canopy is proportional to the ratio of PAR at that position to PAR above the canopy. The last two assumptions were proposed by Charles-Edwards (1981 , 1982 . Sands' (1995) equations are useful for modellers who wish to use a daily time step and who are prepared to neglect diurnal effects; Sands also ignores the different contributions of sun and shade leaves which may be important under certain conditions due to the non-linearity of leaf response to light. Important diurnal effects may be stomatal closure during the daylight hours, and variations in sugar concentrations and water-related variables. Many crop and ecosystem modellers believe it essential to represent these diurnal changes explicitly and therefore use a time step of an hour or less Thornley, 1998a) .
The leaf/canopy spatial integration problem has been reviewed by Amthor (1994) . Sinclair and Horie (1989) described a simplifed sun±shade canopy model using a twoparameter negative exponential leaf light response, apparently summed numerically down the canopy. They concluded that their simple model gave results within 12 % of a far more complex model, treating 15 horizons each with 20 leaf classes. Medlyn et al. (2000, Appendix) derived analytical expressions for canopy photosynthesis based on exponential light decay down the canopy (Monsi and Saeki, 1953) , acclimation essentially according to CharlesEdwards (1981 CharlesEdwards ( , 1982 , treating sun and shade contributions separately, but using a rectangular hyperbola for leaf light response. The reason for separate calculation of sun and shade contributions is to allow for the non-linearity of the leaf response to light. With two-parameter equations such as the rectangular hyperbola or the negative exponential, the two parameters denote the initial slope and the asymptote, and there is no parameter to adjust the non-linearity in the all-important central region of the response. The extra parameter of the non-rectangular hyperbola is the reason for its empirical success (see below), and its importance when considering the consequences of sun and shade will be demonstrated. De Pury and Farquhar (1997) proposed à simple scaling . . . from leaves to canopies without the errors of big-leaf models'. A big-leaf model is a model that treats the canopy as a single large leaf, and parameterizes its photosynthetic performance in some way. Sheehy et al. (1980, equation 1) proposed an early simple example of the method. The problem with big-leaf models is that the parameters are not usefully conservativeÐthey often need ad hoc adjustment depending on environment and ecosystem status. For a low leaf area index, a big-leaf response may closely resemble the single-leaf response; for high leaf area indices, it is doubtful that the same functional response, albeit with adjusted parameters, can be applied at the singleleaf level and the canopy (big leaf) level (e.g. Acock et al., 1978) . De Pury and Farquhar (1997) described and compared three models in their paper: a big-leaf model, a multilayer model and a model they called a sun/shade model. The sun/shade model is a big-leaf model. The Farquhar et al. (1980) leaf model is applied at the canopy level to sun and shade leaves separately with parameters determined using analytical integrals through the canopy. The authors do not justify the procedure they use to do this; nor do they justify using an essentially leaf-level model at the canopy level. The three models are compared. The proposed sun/shade big-leaf model is deemed to be a success due to its performance relative to the benchmark multi-layer model. The authors make one statement that needs correction. They state that analytical solutions have so far only been derived from equations of rectangular hyperbolae, for the response of leaf photosynthesis to irradiance, which do not ®t measurements as well as non-rectangular hyperbolae'. They make this statement immediately after citing Johnson and Thornley (1984) , who in fact do just that, and where a principal theme is combining exponential light decay down the canopy with a non-rectangular hyperbolic leaf response to irradiance and solving the analytical problem. Indeed, this technical note might be regarded as an extension of Johnson and Thornley's (1984) analysis to the sun/shade leaf dichotomy.
Modelling canopy light interception and photosynthesis can be tackled at a very detailed level (Idso and de Wit, 1970; Whit®eld, 1980; Norman and Welles, 1988; Wang and Jarvis, 1990) . These methods are too demanding on computer power and detailed parameterization for comfortable use in many crop and ecosystem models. Other recent work relating to the Farquhar leaf photosynthesis model (Farquhar et al., 1980) and thence calculating canopy photosynthesis has been reported by Kull and Kruit (1998) and Wohlfahrt et al. (1999) . Two valuable reviews are by Acock (1991) and Boote and Loomis (1991) .
The objective of this paper is to develop analytical expressions for instantaneous canopy photosynthesis that are computationally fast, have modest parameter requirements (®ve parameters), allow for sun/shade illumination and photosynthetic acclimation, and are mechanistically based on established sub-models which have been much investigated theoretically and empirically, and whose limits are therefore quite well understood. These equations are new in that they apply the non-rectangular hyperbola for leaf response to light to the sun/shade situation with photosynthetic acclimation, supplying a correction to existing treatments that ranges from 0 to 20 %, depending on conditions. They provide another option for modellers of crops and plant ecosystems who need to compute instantaneous canopy photosynthesis.
MO D E L
The analysis rests on four assumptions. First, that the canopy is closed in the sense that it is horizontally uniform. Secondly, that there is an exponential pro®le of light down the canopy with the same decay constant for light from different parts of the sky. These two assumptions are represented by eqn (1). Thirdly, that the leaf photosynthetic response to incident irradiance can be described by a threeparameter non-rectangular hyperbola (NRH); this assumption is represented by eqn (2). And lastly, that light acclimation at the leaf level occurs in only one parameter of the NRH, that describing light-saturated photosynthetic rate, which is assumed to be proportional to the local averaged leaf irradiance. This is the most uncertain of our assumptions; it is represented by eqn (3) and discussed in the text at that point.
Light pro®le in canopy
The equations proposed by Monsi and Saeki (1953) for the light incident on a horizontal plane (I) and that incident on a leaf (I leaf , J PAR m ±2 s ±1 ) at a depth L [m 2 leaf (m 2 ground) ±1 ] [L is the cumulative leaf area index (LAI) measured from the upper canopy surface] are:
is the irradiance of the upper canopy surface. The two parameters, extinction coef®cient k and leaf transmittance m, are assigned values typical of ryegrass.
Thin' leaves such as beech may transmit in the order of 15 % of incident PAR whereas conifer leaves might trasmit only 2±4 %. Observed values of k cover the range 0´2 to 1´2 (Monteith and Unsworth, 1990, (Anderson, 1966; Cowan, 1968; Idso and de Wit, 1970; Whit®eld, 1980; Norman and Welles, 1988; Thornley and Johnson, 2000) . Szeicz (1974) reported radiation data for a wheat crop. His work demonstrates the variability of such data, much of which is contributed by horizontal non-uniformity from various sources, the practical dif®culties of obtaining de®nitive data and the errors that are therefore present in estimates of eqn (1) parameters. Whether or not it is correct to include leaf transmittance m as in eqn (1) is debatable (Monsi and Saeki, 1953; Thornley and Johnson, 2000) . Extinction coef®cient k itself depends on m. If m ® 1 (transparent leaves) then k ® 0 (no attenuation). Many researchers prefer to use eqn (1) omitting m or setting m to zero, often for reasons of simplicity. However, the theoretical reasons for including m in eqn (1) are not easily set aside (Thornley and Johnson, 2000, equation 8´6i ), although in practice it does not make much difference.
Leaf photosynthesis
The non-rectangular hyperbola for the response of leaf photosynthetic rate, P leaf (kg CO 2 m ±2 s ±1 ) to incident light, I leaf , and its solution are:
xP leaf 2 À P leaf aI leaf P max aI leaf P max 0
There are three parameters in this equation: a, photosynthetic ef®ciency, is the initial slope of the P leaf : I leaf curve; P max is the light-saturated value of photosynthesis; and x determines the sharpness in the knee of the curve (e.g. Thornley and Johnson, 2000, p. 228) . The inverse of photosynthetic ef®ciency is the quantum requirement. This is approx. 19 absorbed quanta per CO 2 ®xed for C 4 leaves, and varies between 15 and 22 for C 3 leaves, depending on temperature (Jones, 1992, pp. 204±205) . By varying x from 0 to 1, eqn (2) varies from a rectangular hyperbola (RH) to two intersecting straight lines [a`limiting factor' or Blackman-like response (Blackman, 1905) ]. The much improved ®t generally obtained with the three-parameter NRH as compared with the two-parameter RH is widely accepted (e.g. Boote and Loomis, 1991; Jones, 1992, p. 203) . However, estimating x from data is dif®cult, especially for high-light grown leaves, and estimates are very variable (Leverenz, 1987; Ogren and Evans, 1993) . The value of x is usually determined by curve-®tting; values in the range 0´5±0´95 are commonly observed (Lieth and Reynolds, 1987) . Our`typical' value of 0´9 is at the upper end of the range, a value which gives clear differentiation from a RH with x = 0. For the latter case (a RH with x = 0), a simpler analysis as carried out by Medlyn et al. (2000, equation A7 ) leads to eqn (18). When non-linear effects caused by sun and shade are considered, an accurate representation of the central part of the response is required.
As with eqn (1) for light interception, eqn (2) for leaf photosynthesis provides a realistic phenomenology which has been widely used (e.g. Marshall and Biscoe, 1980; Terashima and Saeki, 1985; Leverenz, 1995) , and is derivable from a simple scheme (e.g. Thornley and Johnson, 2000, pp. 226±228) . It is usual to assume that a and x are constant down the canopy (with increasing L), although this simplifying assumption is not realistic for P max , and may be de®cient for x.
Photosynthetic acclimation P max can acclimate to conditions and assumes a wide range of values (Prioul et al., 1980; Evans and Terashima, 1988; Pettersson and McDonald, 1994; Hikosaka and Terashima, 1996; Walcroft et al., 1997; Kull and Niinemets, 1998) . This acclimation typically takes about 1 week, a time substantially longer than diurnal variations in light. The factors affecting acclimation are, roughly in order of importance, light level, nitrogen nutrition, ambient carbon dioxide (CO 2 ) concentration and temperature. Many of the studies cited above address the question of N distribution in the canopy, and whether or not this is optimal for canopy photosynthesis. Some report that N is optimally distributed and some conclude that the distribution is not optimal. Such conclusions are always the result of running a model with its attendant uncertainties, and not of direct measurement. There is no consensus, but Hollinger (1996) concludes by saying`in the meantime, modellers may wish to follow the pragmatic approach and allocate N as a linear function of the microsite PPFD' (PPFD = photosynthetic photon¯ux density).
Essentially this is what we do, following CharlesEdwards (1981, p. 70) , who suggested that an adequate approximation to acclimation of P max down the canopy is:
P max0 is the value of P max for fully exposed leaves at the top of the canopy. The value given is a rounded but not atypical value. For C 3 and C 4 leaves, respectively, Jones (1992, table 7´3, p. 190) gives ranges of 11 to 27, and 14 to 55 mmol m ±2 s ±1 . While eqn (3) probably overstates the decrease in P max , especially towards the bottom of a high LAI canopy, this is relatively unimportant as in high LAI canopies most of the canopy photosynthesis is from the upper third of the canopy (Acock et al., 1978) ; it is important to have an appropriate value for P max0 , the value at the top of the canopy. P max0 may be determined empirically, or alternatively, by means of an acclimation sub-model (e.g. Thornley, 1998b ). An assumption equivalent to eqn (3) has often been made in calculations of canopy photosynthesis (e.g. Sands, 1995; De Pury and Farquhar, 1997) .
Sun and shade leaves
To complete the basic equations required, the components of leaf area index, L, and an increment in L, dL, exposed to sun and shade, are:
The irradiance of a horizontal surface above the canopy, I 0 (J PAR m ±2 s ±1 ), comprises two components, diffuse light (dif) and direct sun (sun), with:
The fraction f sun , varying between 0 and 1, allows relative amounts of diffuse and direct light to be easily varied. f sun varies diurnally and seasonally (Jones, 1992, p. 23 , reports data from Anon, 1980) , and this variation must be simulated when this analysis is applied within a larger model. Irradiances of sunlit and shaded leaves at depth L in the canopy are assumed to be [cf. eqn (1)]:
sunlit leaves dL sun :
shaded leaves dL sha : 6
This assumes leaves of random orientation; the contribution of scattered sunlight to diffuse light is ignored.
A N A LY S IS
Canopy photosynthesis, P can (kg CO 2 m ±2 s ±1 ) and its sun and shade components, P sun and P sha , are given by the integrals [with eqn (4) (6), (2) and (3)]:
The integral is a standard form (Gradshteyn and Ryzhik, 1994) (c > 0 which is always true here): 1
Finally the sun±leaf component of the canopy photosynthetic rate is:
The shade±leaf canopy photosynthesis component is more easily derived [eqns (7), (6), (2) and (3)]:
P sha 1 2x
Substitute from eqn (9) to give:
Note that the effects of LAI (L 0 ) and light [I 0 (p d0 ), eqn (9)] factorize.
It can be useful to calculate sun and shade contributions separately because, for reasons such as differential stomatal closure, it may be necessary to modify them differently before summing to obtain canopy photosynthesis.
With f sun = 0 and no direct solar radiation, both sun and shade leaves contribute to canopy photosynthesis, although now the sun leaves only receive diffuse irradiance. In this case it can be shown that [apply 0 = f sun = I sun0 = p s0 = a = b = D in eqn (14); see eqns (5), (9) and (11)]:
Again note that the effects of LAI (L 0 ) and irradiance [I 0 (p d0 ), eqn (9)] factor out, lending credibility to a possible simple modelling approach which treats LAI-and irradiance-dependence as independent factors. Furthermore, if P max0~I0 [eqns (3) and (5); whether this is valid will depend on the mechanism of acclimation and the conditions], then the term in [...] is linear in I 0 , photosynthesis is proportional to intercepted light, giving credence to linear models of crop productivity (Monteith, 1977) . For the simpler rectangular hyperbola [x = 0 in eqn (2)], the sun and shade contributions are:
These equations agree with Medlyn et al. (2000, equation A7 ) who give total photosynthesis only.
R E SU L T S A N D D IS C U SS IO N
Total canopy photosynthesis [eqn (7)] is drawn in Fig. 1 for two leaf area indices (LAI, L 0 ) with three cases: (1) radiation all diffuse [f sun = 0; eqn (5)] and using the nonrectangular hyperbola (NRH) with x = 0´9 giving a sharp knee to the leaf response [eqn (2)]; (2) 75 % direct solar radiation (f sun = 0´75) with the same NRH for leaf response (x = 0´9); and (3) 75 % direct solar radiation with x = 0 giving a rectangular hyperbola for leaf response that is far more curved than the NRH although with the same initial slope and asymptote. The differences between (1) and (2) are small at low LAI where most leaves are similarly illuminated, becoming more important at high LAI because there are now more shaded leaves. Indeed, at low light, all three curves for a given LAI have the same initial slope; photosynthetic rate is independent of x and the direct-sun fraction, f sun ; all leaves are on the early part of the lightresponse curve with the same slope. At high light, they all approach the same asymptote when all leaves in the canopy are saturated. Use of an assumed RH (x = 0) can greatly underestimate canopy photosynthesis under conditions of sun and shade where the actual leaf response is more Blackman-like with x closer to unity [see eqn (2) and text thereafter]. It is then important to use a leaf response function such as the NRH with an appropriate value of x. In sunny conditions, the difference to estimated canopy photosynthesis between treating all the radiation as diffuse and allowing as above for sun± and shade±leaf contributions can be 20 %. This difference is suf®ciently large that many will not wish to ignore it. In some cases of higher LAI, assuming an RH applies where in fact an NRH gives a better description, and ignoring the sun/shade dichotomy, gives roughly a correct resultÐthat is, a result similar to that obtained using the NRH and the sun/shade expressions.
Validation is an issue with many biologists. With a mechanistic approach, as used here, various approaches are possible. Validation at the level of the model's predictions is a weak validation, and, as discussed by Hopkins and Leipold (1996) , is often inconclusive and can be positively misleading. Moreover, validation at the predictive level may not be possible because, as probably applies here, adequate measurements cannot be made. As stated many years ago by , the person who principally pioneered crop modelling, predictive-level tuning and validation can be`a disastrous way of working . . . the technique reduces into the most cumbersome and subjective technique of curve-®tting that can be imagined'. No-one has successfully addressed the problem of what a satisfactory predictive-level validation experiment would consist of. Some modellers ®nd such work to be almost meaningless, and this is not to deny that a model can fail seriously at the predictive level and that these failures must be investigated and corrected. Validity is not a property of a model per se. It is a concept that pertains to the model in relation to (subjective) objectives and a sphere of application. A model may be valid for some purposes but not for others. De Pury and Farquhar (1997) validate' their sun/shade big-leaf canopy photosynthesis model by comparison with a benchmark numerical multilayer model that is assumed to be acceptably correct in its predictions. Notably, they fail to address the theoretical and/ or empirical status of all the procedures and assumptions they used in constructing their model. While the predictions of a model must be examined and found acceptable, the most meaningful validation of a mechanistic model is at the level of its assumptions. Ideally, this is also the level at which parameters are assigned values and there is no scope for retrospective model tuning, as is needed in many big-leaf models of canopy photosynthesis.
The assumptions of the current approach are laid bare in eqns (1)±(3). The rest is algebra. Equation (1) for the light pro®le within a canopy has a limited, although useful, validity: horizontal uniformity, randomly oriented leaves so that light from different parts of the sky is equally attenuated, and exponential decay of light within the canopy. Under such conditions, eqn (1) has been shown to work quite well. Equation (2), for leaf-level photosynthetic response to irradiance, has a wide range of successful applications. Indeed, I am not aware of any data which cannot be satisfactorily summarized using the NRH. Some may prefer other leaf photosynthesis models but, as argued by Cannell and Thornley (1998) , there are some sound (14), (16) and (7)]. Parameters are as given in eqns (1)±(3), with values of f sun [fraction of direct sunlight, eqn (5)] and x [parameter of the non-rectangular hyperbola, eqn (2)] as stated. x = 0´9 corresponds to a non-rectangular hyperbola with a sharp knee; x = 0 corresponds to a rectangular hyperbola. f sun = 0 gives diffuse radiation only; with f sun = 0´75, 75 % of the radiation incident on an exposed horizontal surface is direct from the sun. Alternative units: 1 mg CO 2 = 22´7 mmol CO 2 ; 1 J PAR = 4´6 mmol quanta of wavelength 0´55 mm.
reasons for using the NRH in this type of exercise. Not least, using an empirical (phenomenological) model which works well avoids all arguments about validity of assumptions in perhaps more mechanistic approaches. Empirical models can usually ®t the data better than mechanistic models because they are not constrained by scienti®c assumptions. At the sub-model level, as in eqns (1) and (2), a reliable phenomenology may be preferable to more mechanistic approaches, but this of course depends on objectives. Some models (e.g. Farquhar et al., 1980) are formally almost identical to the NRH, although arguably not as tractable and transparent. Equation (3), for the distribution of photosynthetic capacity within the canopy, is a pragmatic approximation (see quotation above from Hollinger, 1996) . It is the precise form assumed for this equation that leads to a soluble integral. The empirical data are not suf®ciently precise to lend unquali®ed support, or otherwise, to eqn (3), but if it is modestly accurate over the upper part of the canopy, then it probably suf®ces for current purposes. It may be possible to underpin eqn (3) using more mechanistic models of photosynthetic acclimation (e.g. Thornley, 1998b) . In summary, eqns (14) and (16) provide an ef®cient means of calculating instantaneous canopy photosynthetic rate for sunlit and shaded leaves based on concise, transparent, long-established and much investigated submodels of light interception and leaf photosynthesis. Although the equations are only relevant to closed uniform canopies, they are applicable to some important crop and plant ecosystem modelling problems.
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